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Abstract. In this paper, we prove the criterion for a Zariski dense subgroup 
generated by reflections T C SL (n + 1,R) to be definable over A where A is 
an integrally closed Noetherian ring in the field R. We apply this criterion for 
groups generated by reflections that act cocompactly on irreducible properly 
convex open subdomains of the n-dimensional projective sphere. This gives a 
methodology to construct injective group homomorphisms from such Coxeter 
groups to SL ± (n + 1, Z). Finally we provide some examples of SL ± (n + 1, Z)- 
representations of such Coxeter groups. In particular, we consider simplicial 
reflection groups that are isomorphic to hyperbolic simplicial groups and clas- 
sify all the conjugacy classes of the reflection subgroups in SL ± (n + 1,M) that 
arc definable over Z. 



1. Introduction 

Let F be a field of characteristic and let V be an (n+l)-dimensional vector 
space over F. We define 

SL ± (n+ 1,F) := {A e GL(n + 1,F)| det A = ±1} 

as the group of linear transformations from V to V whose determinants are either 
1 or — 1. A reflection a is an element of order 2 of SL ± (n + 1,F) which is the 
identity on an hyperplane. Every reflection a acts on V as <y a .v : x — > x — a{x)v. 
Namely, all reflections are of the form a := := I — a ® v for some a E V* 
and v £ V with a(v) = 2 where v and a are different from zero and determined 
within a transformation v — > cv, a — > c~ 1 a. Let T be the semigroups generated by 
reflections cr, = Von^n t 6 N. We set Cj j = Ui{vj) and call the (possibly infinite) 
matrix C = (cij) the Cartan matrix of T. Products of form Ci 1 i 2 Ci 2 i 3 ...Ci k i 1 are 
called cyclic products. A cyclic product is called simple if all its indices i\, ...,ik are 
distinct. It is clear that every cyclic product is a product of simple ones. 

Let O denote the origin in R ra+1 from now on. Let §" be the n-dimensional 
real projective sphere, i.e. the quotient R n+1 — {O}/ ~ where ~ is the equivalence 
relation given by that v ~ w if and only if v — rw for a positive real number r. 
Then we can identify SL ± (n + 1,K) with the group of projective transformations 
of § n . Denote by LT : R n+1 - {0} -> S" the quotient map. 

Vinberg [28 initiated a systematic study to construct injective group homomor- 
phisms from a Coxeter group that is geometrically realized as an n-dimensional 
polyhedron to the group SL ± (n + 1,K): the groups generated by reflections by 
sides of the n-dimensional polyhedron in the n-dimensional real projective sphere 
Based on Vinberg's results, the properties of the corresponding representation 
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spaces are studied by Benoist([2], [3], [4], [5]), Choi([T^), and Marquis ( [21 1 ). See 
proposition 6.2 and figuresl-4 in section 6 for the parametrized subspace in the case 
of triangular reflection group. 

A great circle in §™ is the image H(V — {O}) for a two-dimensional subspace 
V in R™ +1 . A segment is a proper connected subset of the great circle. A convex 
segment is one that does not contain an antipodal pair of points except at the end 
points. A closed hemisphere is the image H(H — {O} where H is a subset of M. n+1 
given by a linear inequality f(v) > 0. An open hemisphere is the interior of a 
closed hemisphere. A convex subset of S" is a set such that any pair of its point 
is connected by a convex segment. A convex subset is either S™ itself or a subset 
of a closed hemisphere given by a linear inequality. A properly convex subset is a 
convex subset whose closure does not contain a pair of antipodal points. It is a 
precompact subset of an open hemisphere H. 

Now suppose that the n-dimensional properly convex polyhedron P is compact 
in Let T be the group generated by reflections by sides of P satisfying edge 



order conditions (the conditions in Proposition 3.1). Let A be a family of linear 
transformations of V . A ring A in F is called a ring of definition for A if V contains 
an A-lattice that is invariant under A. In that case we also say that A is definable 
over A. If A is a principal ideal domain, then the fact that A is definable over A is 
equivalent to that there is a basis in which the transformations of A can be written 
down by matrices with elements in A. Our main theorem is Theorem |1.1| We defer 
precise definitions in sections 2, 3, and 4. 

Theorem 1.1. Suppose n > 2 be an integer. Let T C SL ± (n + 1,R) be a group 
generated by reflections that divides an irreducible strictly convex open domain fl 
in S". Let A be any subgroup of finite index in T. Then the following properties of 
an integrally closed Noetherian ring A C K are equivalent. 

(1) r is definable over A. 

(1') A contains all the simple cyclic products of the Cartan matrix ofT. 

(2) A is definable over A. 

See Section [6] and Proposition |6 . 2| for concrete examples of such group actions. 

Our strategy to prove Theorem |1.1| is to prove that the theorem holds for Zariski 
dense reflection groups in SL ± (n + 1,F) where F is an algebraically closed field of 
characteristic 0. This result is Theorem |5.3| In the proof, Vinberg's theory on ring 
of definitions of Zariski dense subgroups of linear algebraic group is used. In partic- 
ular, we made use of the fact that if A is definable over A then Ad(T) is definable 
over A . With Vinberg's theory, Lemma [572] is essential for the proof. Theorem |5.3| 
Vinberg's result for orthognal groups, and Benoist's Zariski density theorem (The- 
orem 2.1) imply Theorem |1.1| Our example of polyhedral reflection groups that 
are definable over Z includes some triangular, tetrahedral, and cubical reflection 
groups. Indeed the motivation for our theoretical results come from Vinberg and 
Kac's example of a (3, 3, 4)-triangle reflection group in SL ± (3,Z) ( [H). 

The equivalence of (1) and (2) in Theorem |1.1| can be proved even for Zariski 
dense subgroups generated by finitely many elements of finite order if we add some 
conditions. This result is Theorem [5JBI which we state here. 



Theorem 1.2. Suppose n > 2 is an integer, and let F be an algebraically closed 
field of characteristic 0. Let T C SL 1 * 1 (n+1, F) be a Zariski dense subgroup generated 
by finitely many elements o~iS for i = 1, • • •, m. Let A be any subgroup of finite index 
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in Y. Let A be an integrally closed Noetherian ring in F, and let K be the field of 
fractions of A. Suppose that for i = 1,- ■ -,m, <jj satisfies one of the following 
conditions 

• The order of o~i is finite and relatively prime to n + 1. 

• The trace of Ui is nonzero and in K. 

Then the following properties of an integrally closed Noetherian ring A in F are 
equivalent. 

(1) r is definable over A. 

(2) A is definable over A. 

Section 2 reviews basic definitions of real projective orbifolds and state Benoist's 
Zariski density theorem. Section 3 reviews Vinberg's theory of polyhedral reflection 
groups. Section 4 reviews Vinberg's theory on rings of definition of Zariski dense 
subgroups of semisimple linear algebraic groups. Section 5 states and prove our 
main results. Finally, in Section 6 we apply our main results for some convex 
projective polyhedral reflection groups to determine if they are definable over Z. In 
particular, we will consider convex projective simplicial reflection groups that are 
isomorphic to hyperbolic simplicial groups and classify all the conjugacy classes of 



reflection groups that are definable over Z. (See Theorem 6.2 6.5 and 6.6 ) 

Our results are applicable to many hyperbolic Coxeter orbifolds including order- 
able ones [TU] and Marquis's [U] and we plan to study these in later papers. 

There are some people whose help and encouragement we would like to acknowl- 
edge. We thank William Goldman for introducing us Vinberg and Kac's example 
of a (3, 3, 4)-triangle reflection group. In fact, he has found some of these examples 
himself. We thank Alan Reid and Dave Witte Morris for giving us many infor- 
mations on arithemetic groups, and Gye-Seon Lee for helpful discussions and for 
letting us use his graphics of a cube and a prism. We also thank Ja Kyung Koo 
and his students for having joint seminars on arithmetic hyperbolic geometry which 
helped us much. 



2. Real projective orbifolds 

2.1. Orbifolds. Given two manifolds Mi and Mi with groups G\ and G2 act- 
ing on them respectively, a map / : M\ — > M 2 is equivariant with respect to a 
homomorphism h : G± — > G2 if we have h(g) o f = f o g for each g £E G%. 

We will be using the language of orbifolds for later purposes. An n-dimensional 
orbifold structure on a second countable Hausdorff space X is given by atlas of 
compatible charts (U,G,cf>) where U is an open subset of M. n , G is a finite group 
acting on U, and (f> is a homeomorphism <f> : U /G — > V for an open subset V of X. 
We say that 4>(U/G) is modeled on (U, G) or (U, G, <fi) also. Two charts (U, G, 4>) and 
(V , G' , (/)') are compatible if given any point p £ 4>(U/G) r\(j)(U' /G'), there is a chart 
{U",G",cj)") so that (f>"(U"/G") is an open neighborhood in <f>(U/G) n </>(U'/G') 
where there are smooth lifts <p'{ : U" — > U equivariant with respect to an imbedding 
G" -> G and <j>% : U" -> U' equivariant with respect to G" -> G' . 

Here, X with an orbifold structure is said to be an orbifold and X is said to be 
the underlying space of the orbifold. 

Given a manifold M and a discrete group Y acting on M properly discontinuosly 
and but may be not freely, we can form M/Y as a quotient space. M/Y has a natural 
orbifold structure given by covering M by open sets U so that if g(U) fl U ^ 0, then 
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g(U) = U. The collection of all (U,G,(J)) where G is the subgroup of T acting on 
an open set U gives us an orbifold structure. 

Since the orbifolds we study here admit real projective structures, they are of 
form M/T for a manifold M and a discrete group T acting on M properly discon- 
tinuously and but may be not freely by Thurston |24j . Two such orbifolds M/T and 
N/A for simply connected M and N are diffeomorphic if there is a diffeomorphism 
/ : M — » N equivariant with respect to an isomorphism h : T — > A. The orbifold 
fundamental group 7Ti(Q) is the abstract group which is isomorphic to T whenever 
M is simply connected. Clearly, it acts on M. If M is simply connected, M is 
said to be a universal cover of M/T. (For the general definition of orbifold and 
geometric structures on it, we refer to [9j and [TT].) 

2.2. Real projective orbifolds. Let n > 2 and V be an n-dimensional real vector 
space R™ +1 . We identify 

SL^n + 1,R) :={4e GL(n + 1,R)| det A = ±1} 

with the group of projective transformations of S™. Recall that a subdomain SI of 
S n is properly convex if it is convex and its closure SI does not contain two opposite 
points. SI is strictly convex if moreover its boundary SSI does not contain any line 
segment of positive length. 

A properly convex projective orbifold, Q, is of the form Sl/r where SI is a properly 
convex open domain in S™ and T is a discrete subgroup of SL ± (n + 1,R) which 
preserves SI acting properly discontinuously. A properly convex projective structure 
on an orbifold M is a diffeomorphism / : M — »• Q for Q as above. 

The two properly convex projective orbifolds Q\ = Sli/Ti and Qi = Q2/T2 are 
projectively diffeomorphic if there exists a projective transformation h € SI^ (n + 
1, M.) such that /i(S!i) = SI2 and hTih -1 = T2- When the properly convex projective 
orbifold Q = Sl/r is compact, we say that T divides SI. 

Given a properly convex projective structure on an orbifold M, we obtain a 
homomorphism h : tti(M) — > SL ± (n + 1,R), called a holonomy homomorphism 
determined up to conjugation by SL ± (n + 1,R): Let Sl/r be a properly convex 
projective orbifold and / : M — > Sl/r be a projective diffeomorphism. Then let 
/* : ni(M) -> T be the induced homomorphism. Then considered as a map 
7Ti(M) — > SL ± (n + 1,R) is the holonomy homomorphism. The image of the holo- 
nomy homomorphism is called the holonomy group of M or ni(M). 

Any open domain SI in §™ is the image of the unique convex open cone C in 
V under the projection map. The open convex cone C in V — {O} is said to be 
reducible if it can be written as the sum C = C\ ® C2 of two convex cones Ci in 
proper subspaces Vi of V. A properly convex open domain SI in S" is said to be 
reducible if its preimage C is reducible. Otherwise we say that SI is irreducible. The 
hyperbolic n-space HP is the space of rays in the Lorentz cone 

A n+ i := {x e R n+1 \q{x) > and xi > 0} 

where q(x) — x\ — x\ — ■ ■ ■ — x 2 n+1 . Its group of automorphisms is the group 
Aut(H") = + (l, n) of orthogonal transformations of q which preserve H". If there 
exists a discrete subgroup T of + (l,n) which preserves H n , we call the quotient 
H™/r a hyperbolic orbifold. H™ is an example of irreducible strictly convex open 
domains in S™. A group F of SL ± (n + 1,R) is said to be irreducible if there are no 
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P-invariant nontrivial subspaces in R n+1 , and is said to be strongly irreducible if all 
of its finite index subgroups are irreducible. 

2.3. Benoist's theorem. Now we state version of Cooper and Delp (Corollary 4.2 
of [15]) of Benoist's Zariski density theorem [1] . 

Theorem 2.1. Let T be a discrete subgroup of SL ± (n + 1,M) which divides an 
irreducible strictly convex open domain Jl in The real Zariski closure V is 

either 0+(l,n) or SO + (l,n) iff VL is HP. Otherwise V is either SL ± (ra + or 
SL(ra + l,R). 

Definition 2.2. A discrete subgroup of SL (n + l,K) which divides an irreducible 
properly convex open domain in S™ is said to be irreducible convex dividing linear 
group. 

Of course this group is irreducible subgroup of SL ± (n+l, R) by Vey irreducibility 
theorem (Theorem 5.1 of [B]). 

3. Polyhedral reflection groups 

3.1. Vinberg's Condition. Let P C S" be a n- dimensional convex polyhedron, 
i.e. the radial image in S n of a convex polyhedral cone of W l+1 with O omitted. A 
k-face of P is a ^-dimensional convex subset of P obtained as an intersection of P 
with some hyperspheres which do not meet the interior P°. A face is an (n— l)-face. 
A projective reflection is a reflection defined in n-dimcnsional real vector space, i.e. 
a reflection in SL (n + 1,R). Let S be the set of faces of P and for every s in S, 
we can associate a projective reflection a s = I — a s <£> v s with a s (v s ) — 2 which 
fixes s. A suitable choice of signs allows us to suppose that P is defined by the 
inequalities (a s < 0) se s- If s fit is nonempty and 9 is the dihedral angle, then u s a t 
is the rotation around the 2-codimensional face s n t by 29. Let c Sl t := a s (vt) for 
s, t E S. Let r be the group generated by the reflections a s . The following theorem 
of Vinberg [28] provides a necessary and sufficient condition for such a group T acts 
on a convex subdomain of S™. Note here that c s ^ct. s — 4cos 2 (^ L - ( -) is the condition 
that a s at generate a cyclic group of order m s ,t- 

Proposition 3.1. Let P be a convex polyhedron o/S" and, for each face s of P, 
let a s — L — a s (g> v s be a projective reflection fixing this face s. Let T be the group 
generated by the reflections o~ s . Then the following conditions for every s,t such 
that codim(s (It) = 2 are necessary and sufficient in order for T to preserves some 
convex subdomain Q of §™ with the fundamental domain P 

(1) c M < and (c s>t — <^ c M = 0) 

(2) c s t c t s > 4 or c s jc tj s = 4cos 2 (^^) with m s t > 2 integer 

Moreover the group T is discrete. The convex domain Q is open if and only if for 
every x in P, the group T x generated by o~ s for s containing x is a finite group. In 
this case, T acts properly on SI with compact quotient. 

We will call the group generated by projective reflections fixing sides of some 
n-dimensional convex polyhedron P of S™ the polyhedral reflection group. Any 
polyhedral reflection group has the presentation 



{si\{siSj) nii = 1), riij e N, i,j = 1, ...,n, 
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where is defined for a subset of {l,...,n} 2 and riij is symmetric in i,j and 
Tin = 2. An abstract group which has the above presentation is called Coxeter group 
with n generators. When the polyhedral reflection group T preserves a properly 
convex domain f2, it is said to be convex projective and we call the quotient orbifold 
Q/T of an open manifold Q a convex projective polyhedral reflection orbifold. 

3.2. Coxeter orbifold. A reflection in an open subset U of R n is a transformation 
U — > U of order two fixing a hypersurface in it. An n- dimensional Coxeter orbifold 
structure on an n-dimensional polyhedron P is given by giving orbifold structure on 
P where each point of the interior of each face has a chart modeled on an open subset 
in R™ with a reflection acting on it and each point of the interior of each side of 
codimension 2 is has a chart modeled on an open subset of R ra with a dihedral group 
generated by reflections. The polyhedron P with the Coxeter orbifold structure is 
denoted by P and is said to be an n-dimcnsional Coxeter orbifold. If P is compact, 
then P is said to be compact. In our cases, P = M/T for a simply-connected 
manifold M and T is a discrete group acting properly discontinuously since P 
admits a real projective structure. (See [9] for details.) 

If M is a convex domain in S™ and a polyhedral reflection group T acts cocom- 
pactly and properly discontinuously, we say that T is a convex projective reflection 
group. In this case, the orbifold M/T has convex projective structure. If T acts on 
H™, then T is a hyperbolic reflection group. In the later case, M/T has hyperbolic 
structure. 

Proposition 3.2. • Given two compact Coxeter orbifolds Mi and M.<i, M\ 

is diffeomorphic to Mi if and only if tti(Mi) is isomorphic to 7Ti(Af 2 ). 

• The image of the homomorphism tti(Mi) — > SL (n+l,K) divides aproperly 
convex domain in S" if and only if it is a holonomy homomorphism of a 
compact properly convex projective Coxeter orbifold Mi . 

• the set of cocompact properly convex irreducible holonomy homomorphisms 
of Mi) is identical with the set of irreducible homomorphisms ofiri(Mi) — > 
SL ± (n + 1,R) dividing a properly convex domains. 

• This is also true if both sets are quotiented by the conjugation action by 
SL ± (n,M). 

Proof. Let Pi and Pi be the polyhedrons that are the respective underlying spaces 
of Mi and M 2 . By Example 7.14 of [13], these are tti(Mi) and 7Ti(M 2 ) are groups 
of type PM, If 7Ti(Mi) is isomorphic to 7Ti(.M 2 ), then the combinatorial data of the 
faces of Pi and P 2 are identical by Theorem 13.4.1 of [TH]. Hence, there exists a 
homeomorphism Mi — > M 2 and Pi — > P 2 . A stratum of a Coxeter orbifold is one 
where the local groups of points are locally conjugate to one another by isotopies. 
(See Section 4.5 of [TT] for definitions of strata, tubular neighborhoods, and so on.) 
Each stratum of an orbifold is diffeomorphic to a cell. We can smooth the map from 
lowest dimension stratum to maximal dimensional ones by induction and since a 
diffeomorphism defined on an open neighborhood of the boundary of a cell always 
extends to a diffeomorphism defined on a neighborhood of a cell. The first item 
follows. 

For the second item, suppose that Q be the properly convex domain and T 
be the image of the homomorphism k from -Ki{M) dividing f2. Then Q/T has 
the fundamental group isomorphic to T isomorphic to tti(M) and hence fl/T is 
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diffcomorphic to M\ by a diffeomorphism / : M\ — > fi/r so that /* = k. Therefore, 
k is a holonomy homomorphism of a properly convex projective structure on M\. 

Conversely, if k is a holonomy homomorphism of such a structure on Mi , then 
k(iTi(Mi)) acts on a properly convex domain £1 dividing it by definition. 

The rest of these are consequences of the two items. □ 

4. VlNBERG'S RESULTS ON RINGS OF DEFINITIONS 

In this section we state main results of Vinberg's paper |29| regarding rings of 
definition of Zariski dense subgroups of semisimple linear algebraic groups. Our 
main result in the next section is heavily based on Vinberg's theory. 

Let V be a (n + 1) -dimensional vector space over field F and A be a subring of 
F. A set L in V is called an A-lattice if it is a finitely generated ^4-submodule and 
the natural map F L — > V is an isomorphism. If A is a principal ideal domain, 
then every A-lattice has a basis which at the same time is a basis of V over F. If 
Kis a subfield of F, then a K-lattice is just a (n + 1) -dimensional vector space over 
K. 

Let A be a family of linear transformations of V. An integrally closed Noetherian 
ring A in F is called a ring of definition for A if V contains an A-lattice that is 
invariant under A. In that case we also say that A is definable over A. If A is a 
principal ideal domain, then the fact that A is definable over A means that there 
is a basis in which the transformations of A can be written down by matrices with 
elements in A. If A is definable over A and B is a ring that contains A, then A is 
also definable over B. 

Now we assume that F is an algebraically closed field of characteristic 0, G a 
semisimple algebraic group over F (not necessarily connected), and T a Zariski 
dense subgroup. Let Ad be the adjoint representation of G. Then Ad is a map 
from G to the automorphism group of its lie algebra q. For any matrix group H, let 
trH be the set {trh\h € H}. Following propositions will be useful in later sections. 

Proposition 4.1 (Theorem 1 of [2H])- An integrally closed Noetherian ring A in 
¥ is a ring of definition for Ad(r) if and only if A D trAd(A) for all A G T. 

Corollary 4.2 (Corollary to Theorem 1 of [35]). There exists a smallest field of 
definition for the group Ad(r). If this field is an algebraic number field, then there 
exists a smallest ring of definition for this group. 

Proposition 4.3 (Theorem 2 of [2S]). Let A be an integrally closed Noetherian 
ring in F and K its field of fractions. Then T is definable over A if and only if it 
is definable over K and Ad(r) is definable over A. 

Proposition 4.4 (Theorem 3 of 29J). Let Ti be a finite index subgroup ofT. Then 
the classes of rings of definition for Nd{Ti) and Ad(r) are identical. 

Let V be an (n + l)-dimensional vector space over a (not necessarily algebraically 
closed) field F and V* it dual. Recall that a linear transformation a of V is called 
reflection if it is an element of order 2 of SL ± (n + 1,F) which is the identity on 
a hyperplane. Let T be a group generated by reflections. We denote by Z[trr] the 
ring with unit element generated by the set trr in F. 

Proposition 4.5 (Lemma 11 of [29] ). Z[trr] is the ring with unit element generated 
by the simple cyclic products. 
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A group H in SL (n + 1,F) is absolutely irreducible if if it is irreducible as a 
matrix group in SL (n + 1,F) where F is the algebraic closure of F. 

Proposition 4.6 (Lemma 12 of 29 ). Suppose that charF = and T is absolutely 
irreducible. An integrally closed Noetherian ring A in ¥ is a ring of definition for 
r if and only if A contains Z[trT]. 

Suppose that a nondegenerate scalar product (, ) is defined in V. The group of 
automorphisms of V that preserve this scalar product (, ) is denoted by 0(V) and 
its unimodular subgroup by SO(V). 

Proposition 4.7 (Theorem 5 of [29). Suppose n > 3, and let ¥ be a algebraically 
closed field of characteristic zero. Let T C 0(V) be a Zariski dense subgroup gener- 
ated by reflections. Let A be any subgroup of finite index in T. Then the following 
properties of an integrally closed Noetherian ring A C F are equivalent. 

(1) r is definable over A. 

(1') A contains all the simple cyclic products of the Cartan matrix ofT. 

(2) A is definable over A. 

(3) Ad(A) is definable over A. 

(4) Ad(r) is definable over A. 

5. The main result 

Theorem |1.1| will be proved in this section. Throughout this section, let F be 
an algebraically closed field of characteristic zero. To prove Theorem we prove 
that the similar result holds for finitely generated groups if we add some conditions. 

5.1. The main result. 

Theorem 5.1. Suppose n > 2 is an integer, and let ¥ be an algebraically closed 
field of characteristic . LetT C SL ± (n+l,F) be a Zariski dense subgroup generated 
by finitely many elements ais for i = !,-■•, m. Let A be any subgroup of finite index 
in r. Let A be an integrally closed Noetherian ring in ¥ , and let K be the field of 
fractions of A. Suppose that for i — 1,- • -,m, o~i satisfies one of the following 
conditions 

• The order of o~i is finite and relatively prime to n + 1. 

• The trace of o~i is nonzero and in IK. 

Then the following properties of an integrally closed Noetherian ring A in ¥ are 
equivalent. 

(1) r is definable over A. 

(2) A is definable over A. 

We consider the Lie algebra sl n +i (R) as a subalgebra of the matrix algebra 
M„ (M) which is realized from the decomposition M„ + i (]R) = sl n +i (M) + R ■ I n +i- 

Before we prove Theorem 1 5. 1[ we need the following lemma of Grinberg which is 
available from |http: / /mathoverflow.net /questions /81855 / adjoint-map-and-number-| 
Ifiildl 

Lemma 5.2. Let L be a field of characteristic 0, and IK be a subfield ofh. Let n € 
N. Let U £ GL(n,L) be such that every V € s(„ (K) satisfies UVIJ- 1 € M n (K). 
Then, there exists a nonzero A G L such that XU € GL(n,K). 

Proof. First, let us show that 



CONVEX PROJECTIVE POLYHEDRAL REFLECTION GROUPS 



9 



(1) every V £ M ra (K) satisfies UVIJ- 1 £ M„ (K). 

Since K has characteristic 0, we have M n (K) = sl n (K) + K • 7„, where I n is the n 
by n identity matrix. Since (1) is linear in V, we are therefore done with the proof 
of (1) once we have shown that (1) holds for all V £ sl n (K) and for all V £ K • I n . 
But (1) holds for all V £ sl n (K) by assumption, and for all V £ K-/„ by inspection. 
Thus, (1) is proven. 

Now, consider the map r : M„ (K) — > M n (K) which maps every V to UVU^ 1 . 
This r is well-defined due to (1), and a K-algebra isomorphism as can be easily seen; 
hence, r is a K-algebra automorphism of M n (K). But by Skolem-Noether theorem 
all K-algebra automorphisms of M„ (K) are inner. Hence, r is inner, so there exists 
some P £ GL(n,K) such that every V £ M„(I) satisfies r (V) = PVP- 1 . So 
every V £ M„ (K) satisfies 

PVP- 1 =r(V) ^UVU- 1 . 

This can be easily rewritten as U~ 1 PV (E/ _1 .P) = V. In other words, we have 
U-ipV = VXJ- X P. Since this holds for all V £ M„ (K), it must also hold for all 
V £ M„ (L) (because it is a linear equation in V, so it is enough to check it on 
an L-basis of M„ (L), but such a basis can be chosen to lie in M n (K)). In other 
words, the matrix U~ 1 P lies in the center of M„ (L). But this center is known to 
be L • I n . Thus, we obtain U~ 1 P £ L • I n . In other words, there exists some A £ L 
such that U~ X P — XI n . This A is nonzero (else, P would be zero, contradicting 
P £ GL(n,K)), so this becomes P = XU. Hence, we obtain XU = P £ GL(n, K), 
proving the lemma. 

□ 



Now we prove Theorem 5.1 That (1) implies (2) is obvious. We consider the 
statements, 

(3) Ad(A) is definable over A, and 

(4) Ad(r) is definable over A. 



By Proposition |4.3| (2) implies (3). By 4.4 (3) implies (4). We will use the statment 
(4) to complete the proof that (2) implies (1). Assume (2). Then there exists an 
invertable linear map g from F n+1 to F™ +1 such that K™ +1 is an invariant K-form 
under gAg^ 1 . Then the set 

sl n+1 (K) = {x£ sl n+1 (F) \x £ EndK" +1 } 

is a K-form of sl ra +i (F) invariant under Ad(<7A<7 _1 ). By proof of Theorem 3 of [2"5] . 
s( n +i (K) is also invariant under Ad(.gr\? _1 ). For a linear transformation y from 
F n+1 to F n+1 , let y denote the matrix for y with respect to the standard basis 
of F" +1 . Then since sl n +i (K) is invariant under Ad(grg~ x ), we have that for 
every x £ sl n +i (K), g<Jig~ 1 xgdig~ 1 is in M„ + i (K). By Lemma 



5.2 



there exists a 

nonzero £ F such that Xig6ig~ x is in GL(n + l,K) so that det(Aigtfig _1 ) = A" +1 
and trXigdig -1 is in K . If is of the finite order ij, we have that (Xigdig -1 ) 11 = 
Xfld so that A/ is in K. Now if U is relatively prime to n + 1 or nonzero trcr^ is 



in K, then we have that is in K. Hence gdig 1 is in SL ± (n + 1,K) for every i 



This shows that Y is definable over K. Now assume (4). Then by Proposition 4.3 



(1) is obtained. □ 



5.2. Result for groups generated by reflections. 
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Theorem 5.3. Suppose n > 2 is an integer, and let F be an algebraically closed 
field of characteristic . LetT C SL ± (n+l,F) be a Zariski dense subgroup generated 
by finitely many reflections. Let A be any subgroup of finite index in T. Then the 
following properties of an integrally closed Noetherian ring A in F are equivalent. 

(1) r is definable over A. 

(1') A contains all the simple cyclic products of the Cartan matrix ofT. 

(2) A is definable over A. 

Proof. Since T is Zariski dense in SL ± (n + 1,F), it is irreducible. By Propositions 



4.6 and 4.5 (1) and (1') are equivalent. Since the trace of a reflection element in 
is n — 1, the equivalence of (1) and (2) is the corollary of Theorem 

su □ 



Now let r be a discrete subgrou p of SI^ (n + 1,M) that divides a strictly convex 



open domain Q in S™. By Theorem 2.1 the real Zariski closure T is either + (l, n) 
or SO+(l,n) iff Q, is an H", otherwise T is either SL ± (n + 1,M) or SL(n + 1,M). 
Hence if T is a polyhedral reflection group which divides a strictly convex open 
in S n , then the real Zariski closure T is either + (l,n) or SL ± (n + 1,R). Now 
Thereom |1.1| is a corollary to Theorem |5.3| □ 

5.3. Result for finitely generated groups. In this section, we state and prove 
corollaries of Theorem |5.3| in the case when the generators are the special type of 
the following well-known lemma. For example see |16j . 

Lemma 5.4. Let Ao be the matrixi °° S f sin (9 \ ^ ^ e \ emen i „ j n SL ± fn + 

V sm# cos# ) K 

1,M) has finite order if and only if g is similar to 

where k\, k% > 0, r > 0, di, • • •, d r > 1, < 6% < • • • < 9 r < ir, each Qi is a rational 
multiple of 2tt, and k\ + fc2 + 2(rfi + • • -d r ) = n + 1. Wrting 9i — 2irai/bi with ai/bi 
in lowest terms, the order of such a g is lcm{2, b\ ■ ••, b r } or lcm{bi ■ ••, b r } according 
as &2 > or k2 = respectively. 

Corollary 5.5. Letn > 4. LetT C SL(n + l,M) &e a subgroup generated by finitely 
many elements. Suppose that we have a presentation of T so that every generator 
gi of r associated to the presentation is of finite order bi and gt is similar to the 



type Ag 1 © Lk 1 of Lemma 5.4 ■ Let A be an integrally closed Noetherian ring in K. 
Suppose that the real Zariski closure ofT is SL(n + 1,R). Let A be any subgroup 
of finite index in T. Then the following properties of the ring A are equivalent. 

(1) r is definable over A. 

(2) A is definable over A. 



Proof. By assumption we have that gi is similar to Ag ± Lk 1 where 9\ = 
with a, a positive integer relatively prime to hi. Since some power of Aq x © is 
A^_ ® Ik! and vice versa, we can assume that 6± = We have that trAdg,; = 

(trgj) 2 - 1 = 4 cos 2 I 5 + 4fci cos f 21 + fc 2 - 1. Hence Q(tr^) is at most degree 2 
extension over Q(trAdgj). We claim that Q(trAdgi) = Q(trgr,-). The claim implie 
that trc/i is in K since Q(trAdr) is the smallest field of definition of Adr by [29] . 
Note that trg, is never zero. Hence the theorem will follow from Theorem |5.1| Now 
we prove the claim. 
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If Q(trAd#j) ^ Q(trgj), then Q(trtft) is a degree 2 extension of Q(trAd^). Thus 
there exists a non trivial automorphism p of Q(tr^) which is identity restricted 
on Q(trAd(?i). Namely, there exists a nontrivial p G Aut(Q(cos 6*i)/Q(cos 2 6\ + 
k\ cos^i)). Since cos#i and — ki — cos^i are two roots of the polynomial 

x 2 + x - (cos 2 9i + cos 6*i ) , 

we have that p(cos#i) = —ki — cos#i. But since Q(cos#i) = Q(Cn + Cn 1 ) where 
Cn = e i9l > we have that /?(cos#i) = cosm9\ for some positive integer m. Since 

| cos mOi | < 1 < | — fci — cos 8i | 

we have a contradiction and this proves the claim. □ 

For subgroups of SL(3,M) generated by finitely many elements of finite order, 
every generator is similar to Ag 1 © Ij Cl where k\ = 1. Hence the same result holds 



as Corollary 5.5 if there is no generator of order 3. Since the element of order 3 has 



trace 0, we cannot apply Theorem |5.3| in such cases. 

Corollary 5.6. LetT C SL(3,K) be a subgroup generated by finitely many elements. 
Suppose that we have a presentation of T so that every generator gi of T associated 
to the presentation is of finite order and no gi is of order 3. Let A be an integrally 
closed Noetherian ring in M. Suppose that the real Zariski closure ofT is SL(3,IR). 
Let A be any subgroup of finite index in T. Then the following properties of the 
ring A are equivalent. 

(1) r is definable over A. 

(2) A is definable over A. 

For subgroups of SL(4,M) generated by finitely many elements of finite order 



which is similar to Ag 1 © Ik 1 where k\ = 2, the same result holds as Corollary 5.5 if 
there is no generator of order 2. Since the element of order 2 has trace 0, we cannot 
apply Theorem |5.3| in such cases. 



Corollary 5.7. LetT C SL(4,IR) be a subgroup generated by finitely many elements. 
Suppose that we have a presentation of T so that every generator gi of T associated 
to the presentation is of finite order and no gi is of order 2. Suppose further that 



gi is similar to the type Ag 1 © 7 2 °f lemma 5.4 Let A be an integrally closed 
Noetherian ring in R. Suppose that the real Zariski closure ofT is SL(4, K). Let 
A be any subgroup of finite index in T . Then the following properties of the ring A 
are equivalent. 

(1) r is definable over A. 

(2) A is definable over A. 

6. Examples 

6.1. A preliminary lemma. In this section, for some 2- , 3- and 4-dimensional 
Coxeter orbifold P, we find all or some conjugacy classes of irreducible convex 
dividing projective reflection groups that arc definable over Z or some other ring of 
integers. The following lemma of Vinberg [55] will be useful in this section. 

Lemma 6.1. Let P be a compact n-dimensional Coxeter orbifold. Suppose that Ti 
and T2 are convex projective reflection groups and that Qi and are irreducible 
properly convex open domains that the groups divide respectively. Then the following 
statements are equivalent. 
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(1) fii/Ti and Q2/F2 o-re projectively diffeomorphic. 

(2) A Cartan matrix A of Ti and a Cartan matrix B of L 2 are equivalent. 
Namely A = DBD^ 1 for a diagonal matrix D having positive diagonal 
elements. 

(3) The cyclic products of A and the cyclic products of B are identical. 

Proof. The equivalence of (2) and (3) follows from Proposition 16 of [35]. Since I\ 
and T2 divide irreducible properly convex open domains, Vey irreducibility theorem 
(Theorem 5.1 of [5]) implies that Ti and T2 are irreducible. Thus by Corollary to 
Proposition 19 of [28], the characteristics of Ti and T2 defined in [28] are determined 
just by equivalence classes of Cartan matrices. By Theorem 5 of [28], (2) and (1) 
are equivalent. □ 

Suppose that Q is a compact hyperbolic orbifold. We recall that every finite 
index subgroup of fundamental group -K\{Q) has a trivial center. Let L be a group 
isomorphic to ni(Q) that divides a properly convex open domain Q in S n . Then 
Corollary 2.13 of Benoist 14 implies that such a group L in SL ± (n+l,K) is strongly 
irreducible so that f2 has to be irreducible. By Theorem 1.1 of [2J, f2 moreover has 
to be strictly convex. Hence for a compact hyperbolic Coxeter orbifold P, we can 
apply Theorem |1.1| to find out whether an irreducible convex dividing reflection 
group isomorphic to tti(P) that is definable over Z exists or not. 

6.2. Orbifolds based on simplices. The (p,q,r)- triangle is defined to be the 
triangle with dihedral angles ^ , | , ~. The corresponding Coxeter orbifold is said to 

be a (p, q, r)- triangular Coxeter orbifold. Let P be the (p, q, r)-triangular Coxeter 

. /. 1 1 1 . 

is 

we 



3.1 



orbifold. It is an elementary fact that P is hyperbolic if and only if ^ 
less than 1. Suppose that - + - + - 

ft- p q r 

can conclude that for the irreducible convex dividing reflection group isomorphic 
to 71"! (P) to be definable over Z, (p,q,r) must be a triple of elements in {2,3,4,6}. 



< 1. By condition (2) of Proposition 



Proposition 6.2. Suppose that 



< 1. Let P be a (p, q,r) -triangular 



1 

p ' q 

Coxeter orbifold. The following list shows the number of conjugacy classes of irre- 
ducible convex dividing reflection groups isomorphic to tti(P) in SL (3,K) that are 
definable over Z. 



triple 


N 


triple 


N 


triple 


N 


(2,4,6) 


1 


(3,4,4) 


3 


(4,4,6) 


6 


(3,3,4) 


2 


(3,4,6) 


4 


(4,6,6) 


5 


(3,3,6) 


2 


(4,4,4) 


4 


(6,6,6) 


4 


(2,6,6) 


1 


(3,6,6) 


3 







Here N is the number of conjugacy classes of irreducible convex dividing reflection 
groups isomorphic to tt\P definable over7L. 

Proof. We give a proof when (p,q,r) — (3,3,4). The other cases are completely 
analogous. Let 

2 C12 C13 

C21 2 C23 
C31 c 32 2 

be the Cartan matrix of reflection group associated with P. By condition (2) of 
Proposition |3.1| we can choose reflection generators o~\ , a 2 , and (73 so that the 
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values of C12C21, C13C31, and C23C32 are fixed to be 1, 1, and 2 respectively. Then 
since the product of C12C21, C13C31, and C23C32 are equal to the product of C12C23C31 
and C13C32C21), we can have only two possible different integer tuples of simple 
cyclic products (c 12 c 2 i, c 13 c 3 i, C23C32, C12C23C31, ci 3 c 3 2C2i):(l, 1, 2, 1, 2), (1, 1, 2, 2, 1). 
This is equivalent to say that we can have two different equivalent classes of Cartan 
matrices whose cyclic products are integers. Hence we have two conjugacy classes 
of irreducible convex dividing reflection groups isomorphic to P that are definable 
over Z. 

□ 

Remark 6.3. The fundamental group 7Ti(P) has the following Coxeter group pre- 
sentation, 

(*l,*2,»3|*i = 4 = s 2 3 = (sis 2 ) 3 = (s 2 s 3 ) 3 = (s 3 si) 4 = !>• 
Let H be the group which has the following presentation, 

(si,S 2 |(s? = si = (siS2) 4 = l>. 

Theorem 1 1 . 1 1 implies that there are only two conjugacy classes of irreducible convex 
dividing linear group A which satisfies the following properties. 

• A is isomorphic to H . 

• A is a subgroup of irreducible convex dividing (3,3,4) triangle reflection 
group. 

• A is definable over Z. 

We can compare this to the known result by Long, Reid, and Thistlethwaite ([18]): 
there are infinitely many conjugacy classes of irreducible convex dividing linear 
group A which satisfies the following properties. 

• A is isomorphic to H .. 

• A is definable over Z. 

Sometimes it is possible to find a 1-parameter family of Cartan matrices such 
that the set of associated irreducible dividing reflection groups contain all which 
are definable over Z. For example, let 

2 -3/2 -f \ 
-2 2 -2t 
-2 -1/2* 2 / 

be the matrix with t > 0. Then this 1-parameter family of matrices satisfies 
the condition to be a cartan matrix for (3, 4, 6) triangular irreducible dividing re- 
flection group. This family contains all of four groups which are definable over 
Z; these are the cases when t is equal to |, |, |, and 1. The Figures 1-4 are 
images of the convex domains which the four groups divide. These figures were 
drawn from TrianglegroupProj2, the Mathematica notebook written by the second 
author ( (13] ). 

Proposition 6.4. Suppose that \ + i + £ < 1. Let P be a (2,q,r)-triangular 
Coxeter orbifold. Then there exists a unique conjugacy class of irreducible convex 
dividing reflection group isomorphic to 7Ti(P) in SL (3,R) and its smallest ring of 
definition is Z[4cos 2 (-),4cos 2 (^)]. 
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Figure 1. the 
(3, 4, 6) trian- 
gular reflection 
group in the 
case when t = J 

D 




Figure 3. the 
(3, 4, 6) trian- 
gular reflection 
group in the 
case when t = \ 



Figure 2. the 
(3, 4, 6) trian- 
gular reflection 
group in the 
case when t = | 




Figure 4. the 
(3, 4, 6) trian- 
gular reflection 
group in the 
case when t = 1 




Proof. Let 



be the Cartan matrix of a irreducible convex dividing reflection group which satisfies 
the equations Ci 2 c 2 i = 4 cos 2 |, Ci 3 c 3 i = 4 cos 2 ^ and c 23 c 32 = 4 cos 2 ~. Then the 
tuple of simple cyclic product {c 12 c 2 i, ci 3 c 3 i, c 23 c 32 , ci 2 c 23 c 3 i, ci 3 c 32 c 2 i) has to 
be (0, 4 cos 2 (^), 4 cos 2 (^), 0, 0). This determines the irreducible convex dividing 



reflection group up to conjugation. By Lemma 
is its smallest ring of definition. 



4.5 



and 



4.6 



Z[4cos 2 (|),4cos 2 (f)] 
□ 
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In Section 7.2 of Ratcliffe [25] . n-dimcnsional simplicial Coxeter orbifolds ad- 
mitting a hyperbolic structure are classified; indeed there is no n-dimensional hy- 
perbolic simplicial orbifold for n > 4. For n — 2 (Proposition 6.2 1, we already 
have classified all the simplicial orbifolds Ps admitting hyperbolic structures such 
that an irreducible convex dividing reflection group isomorphic to 7Ti(P) that is 
definable over Z exists. For n — 3, there are 9 simplicial Coxeter orbifolds admit- 
ting hyperbolic structures. Among them, there are only two tetrahedral Coxeter 
orbifold Ps whose dihedral angles are elements of ^, j, ^}. The condition (2) 
of Proposition 3.1 and Theorem 1 1 . 1 1 imply that this is a necessary condition for a 
compact Coxeter orbifold P to make irreducible convex dividing reflection groups 
definable over Z. The two Coxeter tetrahedrons are described in Figure [5j For 
n = 4, there are only 5 simplicial Coxeter orbifolds admitting hyperbolic struc- 
tures . Among them there are only one Coxeter orbifold P whose dihedral angles 
are elements of {§)§> f > §}• The Coxeter graph of this 4-dimensional simplex is 
described in Figure [6] The following two propositions complete the classification 
of simplicial orbifolds that admits hyperbolic structure whose projective holonomy 
groups definable over Z exists. 




Figure 5. Two compact Coxeter tetrahedrons definable over Z, 



Proposition 6.5. Let P be one of tetrahedral Coxeter orbifold described in Figure 
[5| If d = 3, then the number of conjugacy classes of the irreducible convex dividing 
reflection groups isomorphic to iti(P) in SL ± (4,K) that are definable over Z is 2. 
If d = 4, then the number of conjugacy classes of the irreducible convex dividing 
reflection groups isomorphic to tti(P) in SL ± (4, R) that are definable over Z is 3. 

Proof. Let 



( 2 


Cl2 


Cl3 


Cl4 \ 


C21 


2 


C23 


C24 


C31 


C32 


2 


C34 


\ C 4 1 


C42 


C43 


2 / 



be the Cartan matrix of the reflection group. By condition (2) of Proposition 3.1 
we can choose reflection generators o~\, 02, 03, and 04 so that the values of C12C21, 
(C13C31, C14, C41, c 2 3,c 32 , C24C42, C34C43 are fixed to be 2, 1, 0, 0, 0, 0, 1, and 4cos 2 ^ 
respectively. Now it is easy to check that every simple cyclic product of order 3 is 0, 
and only nonzero simple cyclic products of order 4 are C12C24C43C31 and C13C34C42C21. 
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Finally since the product of C12C21, C13C31, C24C42 and C34C43 is equal to the prod- 
uct of C12C24C43C31 and C13C34C42C21, if d = 3, we conclude that only possible integer 
tuples of nonzero simple cyclic products (C12C21, C13C31, C24C42, C34C43, C12C24C43C31, 
C13C34C42C21) are (2, 1, 1, 1, 2, 1) and (2, 1, 1, 1, 1, 2). This is equivalent to say that 
we can have two different equivalence classes of Cartan matrices whose cyclic prod- 
ucts are integers. If d = 4, we conclude that only possible integer tuples of nonzero 
simple cyclic products (ci 2 c 2 i, c 13 c 3 i, c 24 C4 2 , C34C43, C12C24C43C31, C13C34C42C21) are 
(2, 1, 1, 2, 4, 1), (2, 1, 1, 2, 1, 4), and (2, 1, 1, 2, 2, 2). This is equivalent to say 
that we can have three different equivalence classes of Cartan matrices whose cyclic 
products are integers. □ 

Proposition 6.6. Let P be the 4~ dimensional simplicial Coxeter orbifold whose 
Coxeter graph is described in Figure Then the number of conjugacy classes of 
the irreducible convex dividing reflection groups isomorphic to ici{P) in SL ± (5,R) 
that are definable over Z is 2. 




Figure 6. Coxeter graph of the 4-dimensional simplex definable 
over Z 



Proof. Let 



/ 2 

C21 
C31 
C41 

V c 5 i 



C12 

2 

C32 
C42 
C52 



Cl3 
C23 

2 

C43 
C53 



C14 
C24 
C34 

2 

C54 



Cl5 
C25 
C35 
C45 

2 



be the Cartan matrix of the reflection group. By condition (2) of Proposition 3.1 
we can choose reflection generators <Ti, <t 2 , 173, 04, and 05 so that the values of 
C12C21, (C13C31, C14C41, C15C51, C23C32, C24C42, C25C52, C34C43, C35C53, and c 45 c 5 4 are 
fixed to be 1, 0, 0, 1, 1, 0, 0, 2, 0, and 1 respectively. Now it is easy to check 
that every simple cyclic product of order 3 or 4 is 0, and only nonzero simple cyclic 
products of order 5 are C12C23C34C45C51 and C15C54C43C32C21. 

Finally since the product of C12C21, C13C31, 024042, C34C43 and C45C54 is equal to 
the product of C12C23C34C45C51 and C15C54C43C32C21, we conclude that only possi- 
ble integer tuples of nonzero simple cyclic products {cyiCn, C23C32, C34C43, C45C54, 
C12C23C34C45C51, C15C54C43C32C21) are (1, 1, 1, 2, 1, 1, 2) and (1, 1, 1, 2, 1, 2, 1). This 
is equivalent to say that we can have two different equivalence classes of Cartan 
matrices whose cyclic products are integers. □ 

Theorem 6.7. Let P be an n-dimensional simplicial Coxeter orbifold admitting 
a hyperbolic structure whose Coxeter graph is not a tree. Let T be a reflection 
holonomy group of a properly convex projective structure on P. Suppose that k is a 
real number field that is also a field of definition ofT. Suppose that k ^ Q. Then 
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there are infinitely many conjugacy classes of irreducible convex dividing reflection 
groups isomorphic to m (P) that are definable over the ring of integers Ok ■ 



Proof. Let 



( c u ) 



be Cartan matrices which satisfies the condition (2) of Proposition 3.1. By clas- 
sification of hyperbolic simplicial orbifolds (Figure 7.2.9. of 25 ), if the Coeter 
graph of a hyperbolic simplex is not a tree, then it is a polygon with n + 1 ver- 
tices. Since the Coxeter graph is a polygon, there are two nonzero cyclic products 



product N of Ci t i 2 Ci. 



•Ci 2 



•Ci„ 



of order n + 1. Observe that the 
+1 i n ...Ci 2 i 1 is equal to the prod- 
+1 i 1 Ci 1 i n+1 . Since the Coxeter graph is a 
polygon with n + 1 vertices, N has to be an integer > 1. 



i+izi and Ci 1 i n ^ 1 Ci 



uct of c ikik+1 a k+1 i k a for 1 < k < n and c 



We can choose the entries other than 



and 



Cjjij to be in the smallest ring 
of definition, which is ,by Proposition 4.5 equal to the ring with unit elements 
generated by the simple cyclic products. For example, we choose Ci^ 2 to be a 

— where di,i 2 is the integer determined 

'2 

For other entries, if j < k we choose 
-. Then we observe that all the simple 



unit u in Ok and Ci 2 i 1 to be 4it cos ^ 
by the condition (2) of Proposition 3.1. 
Cj.jj, to be —1, and c^ fc to be —4 cos 2 



di 



cyclic products are elements of Ok- In particular Ci 1 i 2 Ci 2 i 3 ...Ci n i n+1 Ci . 1 j 1 is equal to 



(-l) n 4ucos 2 



Since there are infinitely many units in Ok there are infinitely 



many O^-tuples of simple cyclic products. 



□ 



6.3. Cubical orbifolds. The following example illustrates that sometimes know- 
ing Cartan matrices of some irreducible convex dividing reflection holonomy groups 
is enough to determine the existence of one definable over Z. 

Proposition 6.8. Let P be the Coxeter orbifold denoted "cu21" in Q3] that is also 
described in Figure [?| Then there are at least 3 conjugacy classes of irreducible 
convex dividing reflection holonomy groups in SL (4, M) that are definable over Z. 





Fx 


2/^ 




2 




F 5 2 


F 2 


3F 3 




2 






^6 





2 F 4 



Figure 7. cu21 



Proof. Gye-Seon Lee has computed that the dimension of infinitesimal restricted 
deformation space of convex real projective structures on P is 1 in his Mathematica 
file |17j . This gives a one-parameter family of irreducible convex dividing reflec- 
tion holonomy groups. Based on Lee's computation we have found in [5] that the 
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corresponding Cartan matrices are 



/ 




2 








2 

2+VEt 


2 

2+VEt 
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-1 


-V6 












-1 


2 





-v/6 




-1 


- \y/lt 


-V6 
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-1 


- \y/u 





-V6 





2 


V 


-3 


- \Vlt 








2(l+\/5t) 
2+V5t 


2(l+\/5t) 
2+V5t 



-3 + 



\/5t 
2+2\/5t 




2+V5t 
2+2\/5t 

2+V5t 
2+2\/5t 

2 



where i is a real parameter. We have found that in order for every simple cyclic 
product to be an integer, only possible values of t are 0, — and and these 
give 3 different integer tuples of simple cyclic products. Hence there are at least 
3 conjugacy classes of irreducible convex dividing reflection groups isomorphic to 
iti(P) which are definable over Z. □ 



Remark 6.9. The following equalities give the integral cartan matrices that are 
equivalent to the parameterized cartan matrix of the cubical reflection group when 
t is 0, 
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6.4. Benoist's Prismatic orbifold. So far, all the examples of irreducible con- 
vex dividing reflection holonomy groups we have considered were ones that divide 
strictly convex domains. Our final example illustrates that we can apply our main 



theorem (Theorem 5.3 ) even when the domain which an irreducible convex dividing 



reflection holonomy group divides is not strictly convex. 

Proposition 6.10. Suppose that d is 3 or 4. Let P be a triangular prism with di- 
hedral angles described in Figure [Si Then the number of irreducible convex dividing 
reflection holonomy groups in SL (4,K) which are definable over Z is 0. 




Figure 8. Benoist's prism 



Proof. This example is from Benoist |5j. Benoist proved that there exists a family 
of Zariski dense irreducible convex dividing reflection groups in SL (4,R) whose 
cartan matrices are 
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cos 2 (f ), and v = 2+3/x. He further proved that the properly 



where t > 1, fj, 

convex open domain f2 they divide is not strictly convex. By Marquis |21j . indeed 
these and the cartan matrices with same parameter t where < t < 1 gives Cartan 
matrices of all the irreducible convex dividing reflection groups up to equivalence. 
(See also Theorem 1.1 of [3].) We observe that —t and — t~ l are both the values of 
a simple cycl ic pr oduct. Since it is impossible for both —t and — t^ 1 to be integers, 
the Theorem 
is definable over Z. 



implies that there is no reflection group isomorphic to ix\ (P) which 



□ 



References 

[1] Y. Benoist, Automorphismes des cones convexes, Invent. Math. 141 , no. 1 149-193 (2000) 
[2] Y. Benoist, Convexes divisibles I, Tata Institute of Fundamental Research. Stud. Math. 

17, 339-374 (2004) 
[3] Y. Benoist, Convexes divisibles II, Duke Math. J. 120, 97-120 (2003) 
[4] Y. Benoist Convexes divisibles III, Ann. Scient. Ec. Norm. Sup. 38, 793-832 (2005) 
[5] Y. Benoist, Convexes divisibles IV, Invent, math. 164, 249-278 (2006) 
[6] Y. Benoist, A servey on divisible convex sets, Available from |http:/ /www. math. u-| 

|psud.fr/~benoist| 

[7] A. Borel, Linear Algebraic Groups, 2nd ed., Graduate Texts in Mathematics. 126, 
Springer- Verlag, Berlin, New York, (1991) 



20 



KANGHYUN CHOI AND SUHYOUNG CHOI 



[8] K. Choi, cu21integral.nb, Mathematica file, available at 

: / /mat hsci . kaist . ac . kr / ~ manifold 
[9] S. Choi, Geometric structures on orbifolds and holonomy representations, Geom. Dedicata 
104 , 161-199 (2004) 

[10] S. Choi, The deformation spaces of projective structures on 3-dimensional Coxeter orb- 
ifolds, Geom. Dedicata 119, 69-90 (2006) 

[11] S. Choi, Geometric structures on 2-orbifolds: exploration of discrete symmetry, MS J Mem- 
oirs. vol.27, Math Soc. of Japan (2012) 

[12] S. Choi, TrianglegroupProj2, Mathematica file, available at 

http://mathsci. kaist . ac . kr/ ~ manifold 

[13] M. Davis, The geometry and topology of Coxeter groups, London mathematical society 
monograph, vol 32, Princeton Univ. Press, Princeton, NJ (2008) 

[14] S. Choi, G. Lee, and C. Hodgson, Projective deformations of hyperbolic Coxeter 3- 
orbifolds, Geom. Dedicata (2011), published online. 

[15] D. Cooper and K. Delp The marked length spectrum of a projective manifold or orbifold. 
Proc. American Math. Soc. 138, no. 9, 3361-3376 (2010) 

[16] R. Koo, A Classification of Matrices of Finite Order over C, R and Q Mathematics 
Magazine, vol. 76, No. 2, 143-148 (2003) 

[17] G-S. Lee, cu21.nb, Mathematica file, Available at 

http:/ /mathsci. kaist. ac.kr/~manifold/cudo. zip 

[18] D. Long, A. Reid, and M. Thistlethwaite Zariski dense surface subgroups in SL(3,Z), 
Geometry and Topology 15 , 1-9. (2011) 

[19] D. B. McReynolds, Arithmetic lattices in SU(n,l). preprint, Available at 
|http://www. ma. utexas.edu/u sers/dmcreyn/ComplexArithmeticI.pdf (2006) 

[20] C. Maclachlan and A. Reid, The arithmetic of hyperbolic 3-manifolds. Graduate Texts in 
Mathematics. 219, Springer- Verlag, New York (2003) 

[21] L. Marquis, Espace des modules de certains polydres projectifs miroirs Geom. Dedicata 
147, 47-86 (2010) 

[22] J.S. Milne, Algebraic Groups, Lie Groups, and their Arithmetic Subgroups. , Available at 

www.jmilne.org/math/ (2011) 
[23] A. Onishchik and E. Vinberg Lie Groups and Algebraic Groups. Springer Series in Soviet 

Mathematics. Springer- Verlag, Berlin, Translated from the Russian and with a preface by 

D. A. Leites. (1990) 

[24] W. Thurston, Geometry and topology of 3-manifolds. Lecture notes. Princeton University 
(1979) Available at http://www.msri.org/publications/books/gt3m/ 

[25] J. Ratcliffe, Foundations of Hyperbolic Manifolds. 2nd ed., Graduate Texts in Mathemat- 
ics. 149, Springer- Verlag, New York (2006) 

[26] E. Vinberg and V. Kac Quasi-homogeneous cones, Math. Zametki 1, 347-354 (1967). 
English translation, Math. Notes 1, 231-235 (1967) 

[27] E. Vinberg, Discrete groups generated by reflections in Lobacevski spaces. Mat. Sb. 72 , 
471-488 (1967). English translation, Math. USSR-Sb. 1, 429-444 (1967) 

[28] E. Vinberg, Discrete linear Groups generated by reflections. Izv. Akad. Nauk SSSR 35 
1072-1112 (1971) English translation, Math. USSR, IZv. 5, 10831119 (1971) 

[29] E. Vinberg, Rings of definition of dense subgroups of semisimple linear groups. Math. 
USSR Izvestija 5 , 45-55 (1971). English traslation, Math. USSR-IZv. 5(1), 45-55 (1971) 

[30] B. Yahaghi, On irreducible semigroups of matrices with traces in a subfield. Linear Algebra 
Appl. 383, 17-28 (2004) 

Department of Mathematical Sciences, KAIST, Daejeon 305-701, Republic of Korea 
E-mail address: kchoil982Skaist.ac.kr 

Department of Mathematical Sciences, KAIST, Daejeon 305-701, Republic of Korea 
E-mail address: shchoiagmail.com 



